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Tutte characterized binary m~troids to be those matroids without a U, 2 minor. Bixby streng- 
thened Tutte's result, proving that each elemmt of a 2-connected non-binary matroid is in some 
U~ minor, S.~ymour proved that each pair of elem;nts in a 3-connected non-binary matroid is in 
sore.- U~4 minor and conjectured that each triple of elemmts in a 4-connected non-binary matroid 
is in sore: ~ re!nor. A rel:~ted conjecture of Rob.'rtson is that each triple of elements in a 4-con- 
nected non-graphic matroid is in some circuit. This paper provides eounterexamples to these two 
conjectures. 

1. In~oduefion 

Familiarity with matroid theory is assumed. For  an introduction, see Welsh 
[11]. 

Let M be a matroid on E with rank function r. M* denotes the dual of  M, 
with rank function r*(A)=[A]-r(E)+r(E-A),  for A g E ,  where [A[ is the 
cardinality of  A. A loop of M is a one-element circuit, and a coloop is a one-element 
cocircuit. Distinct elements e,fEE are parallel if {e , f}  is a circuit and in series 
is {e, f }  is a cocircuit. A triangle is a 3-element circuit and a triad is a 3-element 
cocircuit. 

For  XC=E, M \ X  denotes the deletion of  X and M/X the contraction of  X. 
For  X, Y disjoint subsets of  E, N = M \ X / Y = M / Y \ X  is a minor of  M. E (N)  
denotes the set of  dements  of  N. We say that N contains set A if A c= E(N). 

Given integers O~_n~_m~O, U~ denotes the uniform matroid on m ele- 
ments, in which every n-element subset is a base. For  a graph G, ,.g(G) denotes the 
usual polygon matroid of  G. For  integer n-~3, "/~ denotes the whirl matroid with 
n spoke elements and n rim elements. 

Let M be a matroid on E. A partition {S, T} of E is called a (Tutte) k-se- 
paration [10], for some positive integer k, if [S]~-k~_]T] and r (S)+r(T) -r (E)  ~- 
_ ~ k - 1 ,  or, equivalently, r (S )+r*(S ) - [S l~ -k -1 .  M is n-connected, for some 
integer n_~2, i f  M has no k-separation for k<n. 

A matroid is binary if it can be represented over GF(2).  In [9] Tutte charac- 
terized binary matroids to be those matroids without a U~ minor. Bixby strengthe- 
ned Tutte 's  result in [1], proving that a 2-connected matroid is non-binary it" and 
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only if each element is in some U~ minor. In [6] Seymour provided the analog of 
Bixby's result for 3-connected matroids; he proved that a 3-connected matroid is 
non-binary if and only if every pair of elements is in some U~ minor. (Later in [7] 
he showed how that result follows directly from his theory of 2-roundedness.) 

In [6], Seymour made the following natural conjecture for 4-connected mat- 
roids. 

Conieeture 1. [6] I f  M is a 4-connected non-binary matrold and e, f and g are 
three elements of M, then M has a U~ minor containing {e, f ,  g}. 

Oxley [3] proved that every triple in a 3-connected non-binary matroid is 
either contained in some U~ minor or is the set of spoke or rim elements of some 

minor. Oxley's result provided some evidence that Conjecture 1 was indeed true. 
A necessary condition for a set of elements to be contained in a U~ minor is 

that it be contained in both a circuit and a cocircuit. Thus, the following conjecture 
of Robertson, when restricted to non-binary matroids, is a weakening of Conjec- 
ture 1. 

Conjecture 2. [6] I f  a, b, c are three elements of  a 4-connected non-graphic matroid, 
then there is a circuit containing {a, b, c}. 

In [4], Robertson and Chakravarti proved Conjecture 2 for cographic mat- 
roids. Seymour [5] has proved that every 4-connected binary matroid is eilher gra- 
phic, cographic, or R10, the 10-element matroid represented over GF(2) by lhe 
matrix of all possible vectors consisting of three ones and two zeros. Having verified 
that Conjecture 2 holds for R,0, S-~ymour's theorem implies Conjecture 2 is true 
for regular matroids. In [8], Seymour generalized this result to binary matroids, 
leaving the more general non-binary problem still open. 

In Section 2, we present a 12-element counterexample to Conjecture 1 and 
prove that this counterexample is minimal. In Section 3, we present a counterexample 
to Conjecture 2 for non-binary matroids. 

2. Counterexample to Conjecture 1 

Let P~2 be the 12-element matroid represented over R, the real numbers, 
by matrix A1~ below, where the element set of P~z is {a . . . .  , I}, as labeled. The 
matrix is partitioned to display its symmetry and structure. The non-identity part is 
symmetric. Notice the four obvious ~'~ minors. 

a b c d  
1 0 0 0  
0 1 0 0  
0 0 t  0 

0 0 0  I 

0 0 0 0  
0 0 0 0  

e f g h  
0 0 0 1  
O 0  i 0 
O 0  I I 

O 0  I 0  
I O 0  1 
O 1  O 0  

j k  
1 O 0  
0 1 (  
O 0 1  

0 1 1  
I 0 1  
1 1 0  

Fig. I. Matrix A~ 
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Lemma 1. Pa2 is non-binary. 

Proof. The lemma follows from Tutte's characterization of binary matroids and 
the fact that U~'-~P~2\{c, j, k, l}/ {d, e, f ,  g}. | 

Lemma 2. Px2 has no U~ minor contaning {a, b, c}. 

Proof. Suppose N=P~\X/Y_~ U~, where X is coindependent and Y is indepen- 
dent, with {a, b, c}~E(N).  Since r(P12)=r*(Pl~)=6 and r(N)=r*(N)=2, 
IXI=[YI=4. It is easy to show that {a,b,d,e}, {a,c,d, f } ,  and {b,c,e, f }  are 
cocircuits of  Pl.o; thus ]{d, e, f}fqXl=<l .  

For any yE{g, h, i,j, k, I}, {a, b, c} contains a loop or parallel elements in 
Pa2/{d, e, f ,  y}. Thus {d, e, J ' } ~  Y. Suppose [{d, e, f } ( 1 Y I = 2 .  By symmetry, 
assume {e, f } ~  Y. Then since a and j are parallel in P~2/{e, f } ,  it must be that 
jEX. Since {a, h, i} is a triad of Px2\j ,  either hE Yor  iE Y, yielding a contradiction 
in either case, due to circuits {a, c, e, h} and {a, b, f ,  i} of P12. Thus, [{d, e, f }  ('/YI = 
=1 ,  and [ { d , e , f } f q X [ = l .  

By symmetry, assume E ( N ) =  {a, b, c, d}, eEX and fE Y. Since {a, b, i} 
is a circuit of Pa=/f, it must be that iEX. Similarly, {b, d, 1} is a triad of P~=\i, 
implying that IE Y. Now {a, d, h} and {b, d, k} are triangles of  Pvz/{f, t}, implying 
that X =  {e, h, i, k}, and hence Y= {f, g, j, 1}. But {a, b, J; g, j, 1} is a circuit 
of P12, implying that a and b are parallel in iV, a contradiction. II 

We show that P~z is 4-connected indirectly, making use of the following ob- 
servation. 

Proposition 1. Let A be a (0, 1)-matrix and let Ma, Mo be the matroids on E, 
the column set of A, represented by A over R and GF(2), respectively. Assume 
M~ and M2 have the same rank..Every k-separation of MI is a k-separation 
of M2. 

Proof. For any square submatrix D of A, the determinant of  D can be written as 
a sum of + l's and - l ' s  (where + 1 = -  1 over GF(2)). If the determinant over R 
is zero, then there is an even number of terms in the sum, implying that the deter- 
minant over GF(2) is zero. It follows that r2~_rl, where r~ is the rank function of 
M,, i=  1, 2, which, together with the fact that M l and M2 have the same rank, 
implies that if {S, T} is a k-separation of M1, then {S, T} is a k-separation of M~. II 

Let BL.~ be the matroid represented by A1, over GF(2). By Proposition 1, 
if B12 is 4-connected, then Pt2 is 4-connected. 

Lemma 3. B~2 is 4-connected. 

Proof. It is easy to check that B~e has no loops, coloops, series or parallel elements, 
triangles or triads. Suppose {S, T} is a k-separation of Bt2, k<-3, with IS[=< ITI. 
Then IS1_->4. We claim that B~ has no 4-element circuit that is also a cocircuit. 
SJpp~se such a circuit C exists. Let B be the base {a, b, c, d, e, f }  of BIz, and B* 
the cobase {g, h, i, j ,  k, l}. If  1COBI=3, then C is a fundamental circuit with 
respect to B. It is easy to check that no fundamental circuit with respect to B is a 
cocircuit. Similarly, 1C(3B'1#3. Thus, [CNBI=[CNB*I=2. The circuits of  this 
type can be enumerated by finding all pairs of columns of B* that meet in two rows. 
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These circuits are: {c, f ,  g, k}, {b, e, g, 1}, {c, f ,  h, j}, {a, d, h, l}, {b, e, i, j}, {a, d, i, k}, 
none of which is a cocircuit. Having verified the claim, we may assume IS1->5. 

Suppose IS]=5. Then r(S)+r*(S)~_7, from which it follows that r ( S ) ~ 3  
or r*(S)___3. Since Blz~B[z, the dual of B~2, assume r(S)<=3. Since there are 
no circuits with fewer than 4 elements, r (S)--3  and S is the union of 4-element 
circuits. But then S contains two distinct circuits C1, C2 with [Cj AC2I = 3, implying, 
since B12 is binary, that there are parallel elements, a contradiction. 

Assume ISI=ITI=6. Then r(S)+r*(S)<-8. Again r(S)<=3 implies a 
contradiction. We conclude that r(S)=r*(S)=4. If  S contains a 5-element cir- 
cuit C1, then S contains a circuit C2 such that [C~fqC2[ ~3, implying that B12 has 
a triangle or parallel elements, a contradiction. Assume, therefore, that S is the 
union of 4-element circuits that pairwise have intersection of  size 2. Similarly, S is 
the union of 4-element cocircuits. Since no 4-element circuit is a cocircuit, S con- 
tains a 4-element circuit C and a 4-element cocircuit C* such that IC(~C*1=3, 
contradicting the fact that B~2 is binary. II 

Lemmas 1, 2 and 3, together with Proposition 1, establish that PI~ is indeed 
a counterexample to Conjecture 1. Next we show that P~2 is a minimal counter- 
example. 

/.,emma 4. P12 has no proper minor that provides a counterexample to Conjecture 1. 

Proof. Suppose M is a non-binary proper minor of PI~ and has 3 elements x, y, 
and z not contained in a U~ minor. Let X, Y be coindependent, independent, respec- 
tively, such that M=Px2\X/Y. By duality, assume X~O. Let B={a,  b, c, d, e, f }  
and B*={g ,h , i , j , k , l } .  Suppose IX~B*I~D. By symmetry, assume gEX. 
Now P~2\g has triads {b, i, k}, {c, h, l}, {d, k, 1}, {b, f ,  j}, {c, e, j}. Since M is 
4-connected, TO Y~0, for each triad T in this list. It follows that [Y[_->3. Simi- 
larly, if XNB~O, then [Y[_->3. Thus, we can assume [Y[~3. The same argument 
provides ISl~3. Clearly IYI=3 or I,Vl=3. By duality, assume IXl=3. Then 
[Y]=3 or 4. If  [Y[=4, then M is a rank 2, l-element extension of U~. It is easy 
to check that the only 3-connected rank 2, 1-element extension of U~ is U~, a mat- 
roid that is not a counterexample. Thus IY[=3. It follows that M is a rank 3, 2- 
element extension of U~. Since M is 4-connected, M has no circuits or cocircuits 
with fewer than 4 elements. Thus, M ~ U ~ ,  and again is not a counterexample. 
This completes the proof. II 

We have recently learned that Ieff Kahn [2] has also found a counterexample 
to Conjecture 1. We note that Kahn's example, call it M r ,  has 15 elements and is 
not shown to be minimal. As Kahn states in his paper, M r is obtained from a bi- 
nary matroid by declaring one circuit/hyperplane to be independent. (This con- 
struction is known to produce a matroid.) He asks if every counterexample to Con- 
jecture 1 can be obtained in this way. The answer is no. To see that Plz is not the 
result of this construction, observe that if it were, then B~ would be the original 
binary matroid, since base B =  {a, b, c, d, e, f} ,  having fundamental circuits with 
fewer than seven elements, could not be the new base. Now Bx2 has 2 circuit/hyper- 
planes that are independent in Plz: C~= {a, b, c, j, k, 1} and Cz= {d, e, f ,  g, h, i}. 
One can show that P~2 is obtained from Blz by first declaring Cx to be independent 
and then declaring C~ to be independent. 
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3. Counterexample to Conjecture 2 

This section presents a counterexample to Conjecture 2 for non-binary mat- 
roids. Unfortunately, PI~ does not provide a counterexample; each triple is contai- 
ned in some circuit. 

Let P16 be the matroid represented over R by the matrix DI~ in Figure 2, 
where the element set of Pla is {a . . . . .  p}, as labeled. Note that DI 6 is a standard 
representative matrix for d/(K4.4) as labeled in Figure 3. Since d/(K4,4) is 4-con- 
netted, P~6 is 4-connected, by Proposition 1. 

a b c  d e f  g h i  j k l  m n o p  
' 1 0 0 0 0 0 0 1 0 0 1 1 1 1 0  0 
0 1 0 0 0 0 0 1 1 0 0 1 0 0 1 1  
0 0 1 0 0 0 0 0 1 1 0 0 1 1 0  1 
0 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0  
0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0  
0 0 0 0 0 1 0 0 1 0 0 1 0 0 1  0 
0 0 0 0 0 0 1 0 0 1 0 0 1 0 0  1 

Fig. 2. Matrix Dr6 

f 

Fig. 3. Graph K4, 6 

Lemma 5. Pxn has no circuit that contains {a, b, c}. 

Proof. Suppose C is a circuit of Pie with {a,b,c}C=C. Then C-{a ,b ,c}  is a 
circuit of M=P1J{a, b, c}. Now M is ~raphic, represented by G in Fi[ure 4. For 
each circuit C1 of M, there exists a unique circuit Ce of P16 such lhat Ca ~ C~. Below 
is a list of all circuits of M. In parentheses after each circuit in the list is lhe collec- 
tion of elements from {a, b, c} needed to complete that circuit to a circuit of /16.  
Since {a, b, c} does not appear in parentheses, the proof is complete. I 

Fig. 4. Graph G 

3* 
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Table 1. Circuits of  M 

kegj (ac) khfo (b) ofd (b) 
kepj (ab) khlo (ab) old (a) 
kemj (a) khio (bc) oid (c) 
khgj (bc) knfo (be) dgj (c) 
khpj (-) knlo (ac) dpj (b) 
khmj (ab) knio (-) dmj (a) 
kngj (c) ofgj (bc) eh (ab) 
knpj (bc) ofpj (b) en (ac) 
kmnj (ac) ofmj (ab) hn (bc) 
ked (a) o &  (ac) il (ac) 
khd (b) olpj (ab) i f  (be) 
knd (c) ob,j  (-) I f  (ab) 
kefo (ab) oigj (c) mp (ab) 
kelo (a) oipj (be) mg (ac) 
keio (an) oimj (ac) pg (bc) 

We have not determined whether Pa6 is a minimal counterexample to Con- 
jecture 2. Note that Pan is non-binary, and is hence a counterexample to Conjecture 
1 as well. Finally, it can be seen that Pt6 is not obtained from a binary matroid by 
declaring one circuit/hyperplane to be independent. 
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